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Abstract: Abstract: Abstract: Abstract:       
Contemporary  economics  contains  mainly  two  approaches  for  an  explanation  of 
fluctuations  of  economic  activity  indicators.  The  first  approach  expresses 
fluctuations  as  consequences  of  random  external  shocks.  The  second  approach 
expresses fluctuations as a deterministic dynamical process producing more complex 
behaviour of the economic system. In our article both approaches are applied. A 
purpose of our paper is to re-formulate traditional Goodwin predator-prey model by 
including  a  specific  differential  equation  describing  technological  progress  in 
deterministic and/or stochastic way. A base of this system contains such variables in 
interest as a rate of employment, a share of labour, and different forms of a rate of 
the technological progress. 
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1 Introduction  
Three versions of the non-linear form of Goodwin's predator-prey model are introduced as a 
models allowing for technological progress. These demonstrate inherent and self-sustained 
oscillations in the economic system as well as an explosive nature of the accelerator. The non-
linear accelerator with three versions of technological progress generates different types of 
inherent oscillations. The first version with embodied exogenous technological progress gives 
nonlinear  oscillations  (Desai  M.,  Henry  B.,  Mosley  A.,  and  Pemberton  M.  (2004)).  The 
second  version  assumes  the  technological  progress  as  endogenous  variable  describing  by 
specific differential equation. Introducing this specific differential equation for technological 
progress we get the enlarged Goodwin model and even more complex dynamics, i.e. chaotic 
motion. The third version introduces the technological progress as an endogenous stochastic 
variable. This variable is represented by the equation with stochastic inputs. A dynamics of 
this version is generated by external random shocks.  
Our first task is a presentation of the traditional Goodwin model. Secondly we introduce a 
new formulation of Goodwin model augmented by the deterministic equation describing the 
dynamics of endogenous technological progress. Thirdly the stochastic technological progress 
is introduced. Systems behaviour will be illustrated by numerical examples where system 
parameters respect economic nature. Such illustrative tools as phase portraits of each system 
and evolution of its variables are shown. Conclusions include a comparison of these three 
approaches. 
 
2 The Version with Exogenous Technological Progress. 
Let y(t),  k(t), l(t), n(t), w(t) be a real production, a capital stock, a demand for labour, a supply 
of labour and  real wages respectively. A productivity of labour is given by at=a0e
αt where a0 
is an initial level of productivity of labour, and α is a constant growth rate. The dynamics of 
labour supply is given by nt=n0e
βt, where β is a constant growth rate of the technological 
progress.  The  productivity  of  labour  is  a  very  affective  and  appropriate  measure  of  the 
intensity of technological progress. Let assume that production is governed by the Leontieff 
technology (Goodwin (1951)) 
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where the σ is interpreted as the capital/output ratio. We also assume that  / t t w w &  increases 
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The real wage growth is bounded even at full employment. As for a production described by 
the Leontieff production function, let us assume that there is full utilisation of labour and 
capital what is expressed  by  t t t t l a k y = = σ / or  ( ) / / t t t t t l y a k a σ = = . Making  logarithms   2 
 
and performing derivatives we get  
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 as a constant α. Since 
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and the share of capital is given by 1 t u − . By assumption, all capital income is invested, so 
( ) ( ) 1 1 t t t t t k u y u k σ = − = − & / ,          (5) 








.                (6) 












              (7) 
The dynamic equation for the employment rate is therefore given by 
( )
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& .          (8) 
An increase in the share of labour  t u  squeezes the profit rate bringing about a decrease of a 
capital  accumulation.  With  lower  capital  accumulation,  the  demand  for  labour  forces 
increases more slowly while the labour supply increases at the exogenous rateβ . The change 
in the employment rate depends negatively on the share of labour. An equation of motion for 
the share of labour is 
( )
t t











&           (9) 
A higher employment rate causes the growth rate of wages to increase faster, which has a 
positive effect on the share of labour. Together, (8) and (9) form the Volterra predator-prey 
dynamic system (Borrelli R. L. and Coleman C. S. (1996), and Desai M., Henry B., Mosley 
A., and Pemberton M. (2004)). Equation (9) states that the employment rate, υ , the ‘prey’, 
attracts the share of labour, u, the ‘predator’. Equation (8) states that ‘prey’ υ  tries to escape 
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σ
≡ + ≡ ≡ , , . A higher rate of technological progress, 
α , is associated with a lower share of labour u  and a higher rate of employmentυ .  
 
Example 1 
Let us introduce a numerical example with the following parameters 
α = 0.04  β = 0.003  γ = 2.54  σ = 2  k0 = 0.01  k = 1.05  g = 2.58   3 
 
Initial conditions for the system differential equations (8), (9) are v0 = 0.4, u0 = 0.6. The steady 
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or numerically it is follows asvsteady=4.935, usteady=0.794 . Figure 1a and Figure 1b show 
dynamics of v and u separately. Figure 2a shows dynamics of v and u simultaneously and 
figure  2b  shows  a  limit  cycle  in  the  dynamics  of  u  against  v  and  equilibrium  point 
(usteady,vsteady).  This  figure  shows  that  if  the  rate  of  employment  as  prey  significantly 
increases then rapidly increasing the share of labor as predator causes decreasing of the rate of 
employment. Figure 3a shows a cyclic character of the growth rate of wages and figure 3b 
shows an explosive behavior of the dynamics of the output. 
   
Figure 1a                                                                 Figure 1b 
 
 
Figure 2a                                                                Figure 2b 
There are moderate modifications. The first modification is about a profit rate. In Goodwin’s 




 is the profit rate labeled by θt. Equation (6) says that growth rate 
of capital equals the profit rate. Then an investment function as (6) assumes to invest all 
profits  independently  of  their  profitability.  It  would  be  more  appropriate  to  form  the 
investment function of the gap among the actual rate of profit θt and its tolerate rate, θt*. Now  
we will implement this gap into the share of labor as follows: the profit rate θt falls to θt* then 
t u increases  to  t u
* . If  t u goes to  t u
*  then  t k & goes to −∞ .  Then  the investment function can 
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where  λ>0  is  the  speed  of  adjustment.  This  investment  function  embodies  fact  that  the 
difference among the actual and tolerated shares of labor determines investment (Desai M., 
Henry B., Mosley A., and Pemberton M. (2004)). Then equation (8) could have the following 
form 
( ) ( ) [ ]
* ln ln 1 t t t t t t u u u υ λ α β υ λ υ   = − − + − −   &   (12) 
 
 
Figure 3a                                                               Figure 3b 
 The second modification is about growth wages. Let us return to Phillips’s original nonlinear 
form for money wages representing by the following equation 
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. Now the equation of motion for the share of labour (9) could have the 
following form 




= − − ⋅ + ⋅ − ⋅ &   (14) 
 
3 Deterministic Model with an Endogenous Technological 
Progress 
In the preceding section the system of differential equations (8) and (9) has been derived from 
the traditional Goodwin model. The steady state variables u  and v  are given by the relations 
(10).  Assuming  that  technological  process  does  not  act  i.e.  α=0,  we  get  1 u σβ = − and 
/ v γ ρ =  for the steady state variables. Now we introduce endogenous technological progress. 
It  is  natural to assume  that the stationary  level  of  technological  progress  which  does  not 
reduce or expand the labour force in the Leontieff technology is equal one. Technological 
progress is negatively influenced by the gap between technological progress and its stationary 
non-influencing level a-1. It is very important fact that keeps technological progress around 
its equilibrium level. Technological innovation cannot be an independent on general level of 
the  society  evolution.  It  is  very  natural  that  there  is  a  tendency  causing  returns  of 
technological progress to its equilibrium level. On the other side technological progress is 
positively influenced by the difference between actual and steady state level of labour share 
given by the expression u u − , where (1 ) u σβ = − . Let a labour share be above its equilibrium 
level. The surplus of labour is the incentive for technological changes saving labour.  Let us 
assume a labour share below its equilibrium level. In this case the insufficiency of labour 
relaxes technological progress.  Expressing the common activity of both mentioned factors we 
get the following equation describing the dynamics of technological progress    5 
 
( 1) ( (1 )) t t t a a u λ κ σβ = − − + − − &   (15) 
In  this  way  the  dynamic  of  technological  progress  gets  more  complex  form  than  the 
expression for exogenous technological progress stated in the original model i.e.  0
t a e
α . So it 
is necessary to use to keep the original notation  / t t a a &  for the rate of growth of endogenous 
technological progress instead of constant α used for exogenous technological progress. So 
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 The equations (15) and (16) give modified Goodwin model with endogenous technological 
progress. But the system is not presented in canonical form which is the most appropriate. 

































( 1) ( (1 )) t t t A a u λ κ σ β =− ⋅ − + − − ⋅ .  (18) 
 
Example 2 
Let us introduce a numerical example with the following parameters 
λ = 0.04  β = 0.05  γ = 1.9  σ = 10  k = 0.5  ρ = 2. 27 
The initial conditions for the system differential equations (17), (18) are v0 = 0.835, u0 = 0.5, 
and a0=1. Having solved this numerical example we get the following phase portrait of three 
differential  equations  and  further  three  figures  showing  the  evolution  of  technological 
progress at, labour share ut and the rate of employment vt. Figures 4a, and 4b show dynamics 






The evolution  of  employment  rate  The evolution of labour share 
   
Figure 4a  Figure 4b   6 
 
The evolution of labour productivity  Phase portrait of the system (17) 
   
Figure 5a  Figure 5b 
 
4 Stochastic Setting 
Let us assume again the Leontieff technology  
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                                     0
t
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where  t ε  reflects  the  effects  of  the  random  shocks.  We  assume  that  t ε &  is  the  Brownian 
motion. Employment is driven by capital accumulation since  ( ) t t t t t l y a k a σ = = / / . Hence 
t t t t
t
t t t t
l k a k
l k a k
α ε = − = − −
& & & &
& ,                  (21) 
and  α is  the  rate  of  technological  process  again.  Technology  is  a  subject  to  random 
disturbances as well. Thus, 
( ) 0exp t t a a t α ε = + .              (22)  
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and the share of capital is 1 t u − . Since all capital income is invested, we have 
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The equation of motion for the employment rate is therefore given by 
( )
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         (25) 
The equation of motion for the share of labour is 
                                 ( ) ( )
t t
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A higher employment rate causes the wage rate to increase faster, which has a positive effect   7 
 
on  the  share  of labour. Together,  (25) and  (22) form  the  Volterra  predator-prey  dynamic 
system. Equation (22) states that the employment rate, υ , the ‘prey’, attracts the share of 
labour, u, the ‘predator’. Equation (25) states that ‘prey’ υ  tries to escape the ‘predator’ u. 
( ) t t t a a α ε = + ⋅ & & .              (27) 
The steady states u   and υ  are 
( )
1 2
1 2 1 2
1 2
1 1
and   , , , u
η η
τ η α β η α γ θ θ ρ
θ θ σ σ
= = ≡ − + ≡ + ≡ ≡       (28) 
A higher rate of technological progress, α  , is associated with a lower share of labour u  and 
a higher rate of employment υ  .  
Example 3 
Let us introduce a numerical example with the following parameters 
α0 = 0.001  α1 = 0.9  α = 0.1  β = 0.003  γ = 2.54  k=1.05 
σ = 1  σ1 = 0.1  σ2 = 0.3  σ3 = 0.1  g=0.02   
Initial conditions for the system differential equations (25), (26), and (27) are v0= 1 0 0 5 . σ ε ⋅ + , 
u0= 2 0 0 2 . σ ε ⋅ + , and a0= 3 0 σ ε ⋅ . The steady states u and υ  of this system are 
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or numerically it is follows as vsteady = 2.616 , usteady = 0.897 . Figure 6a, and figure 6b  
shows dynamics of vt and ut separately. Figure 7a, and figure 7b shows the dynamics of vt and 
ut simultaneously and dynamics of ut against vt. Figure 8a, and figure 8b shows the growth 
rate of wages and dynamics of output.   
   
Figure 6a  Figure 6b 
   
Figure 7a  Figure 7b   8 
 
 
Figure 8a  Figure 8b 
 
5 Conclusions  
The  traditional  Goodwin  model  is  in  fact  a  predator-prey  model  which  has  economic 
interpretation.  Its  dynamic  is  a  little  poor  and  consist  of  the  system  of  parallel  cycles. 
Predator-prey  models  are  very  often  described  and  explained  in  the  books  of  economic 
dynamics.  As  the  dynamics  of  the  predator-prey  model  does  not  correspond  to  actual 
evolution of employment and labor share, we try to improve the traditional system enlarging it 
by a differential equation which describes technological progress in deterministic way. In our 
opinion the deterministic way to generation of technological progress is very promising what 
was  shown  in  the  section  3.  The  structure  of  the  technological  progress  equation  is  very 
simple and it is based on so called gap form. It seems to be very effective description of the 
technological progress dynamics. The problem is relatively small scope of the oscillations. On 
the other hand, these relatively small oscillations seem to be immanent to the system and are 
not the consequence of mistakes in computations or of the mistakes generated by rounding. It 
is very important that the oscillations of an embodied technological progress, a share of labor, 
and a rate of employment are chaotic what corresponds to actual evolution of related variables.  
So we can see that the change in the approach to technological progress changes the dynamics 
of the system considerably. Remember that the original Goodwin system exhibits non-linear 
periodical  oscillations  while  the  system  which  relaxes  the  constant  rate  of  growth  of 
technological progress and includes additional differential equation for technological progress 
considerably changes its dynamics. Instead of simple non-linear dynamics of parallel cycles 
we get relatively complex dynamics of chaos. 
When we apply the third approach we get similar results but they outflow from different 
sources. Constant rate of growth of technological progress was exposed to random shocks, 
what has been shown in the section 4. Such representation through a time series introduces 
technological  shocks  into  all components of  this system. This spreading of the stochastic 
technological  progress  all  through  by  the  Brownian  motion  promotes  chilling  out  of  the 
dynamics of output (Figure 3b, and Figure 8b) 
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